Abstract. The stress concentration and distribution around a triple-junction pore of three-fold symmetry in a polycrystalline ceramic material is considered. The perturbation method in the theory of plane elasticity is used to solve the problem of a nearly circular pore of three-fold symmetry under remote loading in the first approximation. The solution was specified to the uniaxial tension of convex and concave rounded triangular pores. The stress concentration on the pore surface and the stress distribution in vicinity of the pore along its symmetry axes are studied and discussed in detail. The numerical results, issued from the first-order approximation analytical solution, are compared with those of finite-element calculations.
INTRODUCTION
Most of ceramics and ceramic composites contain pores which are considered as one of the main features in the structure of ceramic materials [1] [2] [3] [4] . The type, size and distribution of pores in ceramics strongly depend on the technology used for their synthesis and further processing. The common place is the presence of pores at grain boundaries (GBs) and their triple junctions (TJs). In these cases, pores make a great contribution to the brittleness of ceramics because they play the role of stress concentrators and sources for intergranular cracking. On the other hand, in nanoceramics with nanoscopic pores [4, 5] , the latter can play the role of the sources for GB gliding through stimulation of local shear events or emission of gliding GB dislocations [6] [7] [8] [9] [10] [11] [12] . Anyway, the study of stress concentration on pores located at GBs and TJs is of primary importance for developing theoretical models of stress relaxation, plastic deformation and fracture in ceramics under external loading.
In the context of stress concentration on pores, their actual shape is obviously relevant. Many authors considered various shapes of pores and holes, from classical two-dimensional (2D) holes in thin plates (see, for example, books [13, 14] and references therein) to more recent studies of nearly circular and irregular 2D holes [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . The corresponding elastic problems were solved by either the conformal mapping (analytical [13] [14] [15] 17] and numerical [19, 20] ) or perturbation methods [14, 16, [21] [22] [23] with special attention to the stress concentration on the hole surface [13, 14, 16, 18, 22, 24] , compressibility of holes under hydrostatic compression [15, 21] and the hole-shape effect on the effective properties of porous materials [17,19-21, 23,25] .
In particular, the perturbation method, developed in Refs. [22, 24, 26, 27] , occurred rather effective in describing stress concentration on the boundaries of holes and inhomogeneities of nearly circular shape in any order of approximation within both the classical [22] and surface/interface [24, 26, 27] theory of elasticity.
In the present work, we apply the perturbation method [22] to the case of nearly circular pores of three-fold symmetry, which often occur at TJs in ceramic materials [1] [2] [3] [4] [5] . One example of typical ceramic microstructure is shown in Fig. 1a where a SEM image of 12CaO-88ZrO 2 (12CSZ, mol.%) ceramics [28] clearly demonstrates both intra-and intergranular porosity with TJ pores of nearly triangular shape (see also the sketch in Fig. 1b) . Similar pores were studied by Givoli and Elishakoff [16] with using the perturbation method with terms up to the second order of approximation for the case of uniform radial tension at infinity and by Ekneligoda and Zimmerman [21] who used the same method with terms up to the forth order of approximation for the case of hydrostatic stress at infinity. In our turn, we take the first-order approximation solution for the case when the pore is under remote normal and shear stresses. In doing so, we specially concentrate on the case of uniaxial tension and calculate the stress concentration on the pore surface and the stress distribution in vicinity of the pore along its symmetry axes. We also compare our results with those obtained by finite-element calculations within the Academic Research version of the ANSYS program.
STATEMENT OF THE PROBLEM
Consider a pore placed at the equilibrium TJ, in which three GBs meet under the angles 120° in a macroscopic sample of ceramics under remote homogeneous loading. We approximate the pore shape with the following parametric equation in polar coordinates (r,)
where  is the normalized position vector (in units of R) describing the pore boundary,  is the polar angle, R is the radius of the circle roughly corresponding to the pore shape,  is a small parameter which defines the maximum deviation of the pore boundary from the circular one,  > 0 and  << 1. At   0 Eq. (1a) gives the unit circle. The geometry of pore is shown in Fig. 2 for two different values of , =0.1 and 0.2. As is seen, the pore has three axes of symmetry, which are assumed to lie in the GB planes (Fig. 1b) .
Within the classical theory of elasticity [13] , we consider an infinite elastic body  with a pore which is bounded by the free surface  determined by Eq. (1a). We treat the stress state around the pore as plain strain and introduce a dimensionless complex variable z=x 1 +ix 2 , where i= 1  . In complex notation, the pore boundary is given by
where s = exp(i ).
The boundary conditions on the pore free surface () could be represented as complex combination
where  n is the traction at the area with the normal n,  nn and  nt are the normal and shear components, respectively, of the stress tensor with respect to the pore boundary. Let the pore is under remote loading. At infinity, the stresses ij
It is also suggested that rotation vanishes at infinity, in which case the rotation angle  satisfies the condition
At an arbitrary point of the z-plane, the stress components can be expressed through the Goursat-Kolosov complex potentials  and  [13, 22] , which are holomorphic, respectively, in the domain  outside of the pore boundary and in the finite region D={z:z
} with the boundary  1 which is symmetrical to the boundary  with respect to the unit circle:
where  is the angle between the normal n of the area and the radius vector of the point z. Subtracting Eq. (4a) from Eq. (4b) and passing to the limit for z with taking Eqs. (3) into account, we get the following boundary equation for definition of the complex potentials  and : 
FIRST-ORDER APPROXIMATION SOLUTION
Following the boundary perturbation procedure [22, 26, 27] , the complex potentials (z), (z) and the solution of the problem as a whole are sought in terms of power series in a small parameter :
In turn, we expand the limit values of the functions  n (z) on  and  n (z) on  1 , and all other functions in boundary equation (5) Here n and t are the unit normal and tangential vectors, respectively, to the pore boundary. The Cartesian (x 1 , x 2 ) and polar (r,) normalized coordinates in units R are shown.
where =f(s) and f(s)=(s 3 +s -3 )/2=cos 3. Substituting Eqs. (6-8) into Eq. (5), we obtain a sum of coefficients at the same power terms  n (n=0,1,...), which is equal to zero. Then we come to the Riemann-Gilbert boundary value problems on the jump of holomorphic functions  n (z) for the n-order approximation
where n n z s z 
According to [13] , the solution of the problem can be written in terms of Cauchy type integrals
where 
Following the algorithm constructed by Bashkankova et al. [22] , the complex potentials in the zeroorder approximation, which correspond to the solution of the appropriate boundary value problem for the circular pore, are determined as
The complex potentials in the first-order approximation for the nearly circular pore of the shape determined by Eq. (1) read 
Thus, the stress state around the nearly circular pore under consideration is finally defined by formulas (4a,b) with (14) and (15).
RESULTS AND DISCUSSION
In the context of our model of a TJ pore in a ceramic material, it is of interest to analyze in detail the case of uniaxial tension. This will allow us to apply in the future the obtained solution to theoretical models of crack nucleation in the GB plane with =0 and GB dislocation emission in the other GB plane with Fig. 3 . Loading scheme for an elastic medium containing a cylindrical pore of three-fold symmetry under uniaxial tension s 22 . =2/3. Thus, let us consider the case of the x 2 -axial tension (Fig. 3) . In doing so, we suppose that s 11 and s 12 are equal to zero, while s 22 is a positive constant. Fig. 4 shows the distribution of the tangential stress  tt over the free surface of the pore for three different shapes of its boundary, which are characterized by =0 (the circular pore), 0.1 (the convex rounded triangular pore) and 0.2 (the concave rounded triangular pore). As is seen from Fig. 4 , the stress concentration at the point =0, which is crucial for crack generation along the corresponding GB, increases with  and reaches the values ~4.5 and ~6.0 for =0.1 and 0.2, respectively, that is obviously explained by the corresponding increase in the pore curvature at this point. On the opposite side of the pore, at the point =, the stress concentration decreases with  and reaches the values 1.5 and ~0.0 for =0.1 and 0.2, respectively, in contrast with classical value of 3 for =. Interestingly, at the points 23°, 58°, 90°, 118°, and 158°( for the 'top' half of the pore), the stress value remains roughly constant and does not depend on the value of  (Fig. 4) . Rather high stress concentration (~3.55) is also observed for =0.2 at the point =13/16146°, where the tangent to the pore boundary coincides with the axis of tension.
We have verified our numerical results taken from the above first-approximation analytical solution by comparing with those of finite element calculations within the ANSYS software. The finite element model of an elastic body with concave rounded triangular pore is shown in Figs. 5a and 5b. The model is built of parabolic elements which allow us to approximate the pore boundary with high accuracy. The symmetry of pore geometry and loading is taken into account through prohibiting the normal displacement on the bottom surface of the model. The size of the model is large enough compared to the pore size, i.e. the stresses  11 and  12 vanish far from the pore, while  22 s 22 there. Fig. 5c shows a map of stress distribution around the pore, which illustrates the stress concentration phenomena by means of the finite element method.
Bearing in mind possible subsequent application of the above analytical solution to theoretical modeling of crack generation at and GB dislocation emission from the TJ pore along the adjacent GBs, it is of interest to consider the stress distribution along the lines (r >, =0) and (r >, =2/3) which are the symmetry axes of the pores. Fig. 6 shows the plots   (r),  rr (r) and  r (r) built numerically with the help of both the first-approximation analytical solution (solid curves) and finite element calculations (dots) for convex (=0.1) and concave (=0.2) rounded triangular pores. As is seen, the first-approximation analytical solution gives the results which are qualitatively and often quantitatively similar to those of finite element calculations. Some disagreement in values is explained by the necessity to include into consideration the next orders of approximation. It is natural that this disagreement is noticeably smaller for the smaller value of . In fact, the fist-order approximation gives overestimated results. The largest discrepancy between the first-order approximation and the finite element results is observed at the pore boundary. However, the discrepancy sharply decreases with the distance from the pore. Nevertheless the next orders of approximation are desired for theoretical modeling of crack and dislocation generation.
The general conclusion from Fig. 6 is that the stress concentration effect due to the pores under consideration increases with  value and is significant in the region of approximately r<3. Outside this region, this effect becomes negligibly small.
CONCLUSIONS
In summary, we considered stress concentration and distribution around a triple-junction pore of threefold symmetry in a polycrystalline ceramic material. In doing so, we used the perturbation method in the theory of plane elasticity to solve the problem of a nearly circular pore of three-fold symmetry under remote loading in the first approximation. The solution was specified to the uniaxial tension of convex and concave rounded triangular pores which were characterized by small parameter  defining the maximum deviation of the pore boundary from the circular one with the  values 0.1 and 0.2, respectively. The stress concentration on the pore surface and the stress distribution in vicinity of the pore along its symmetry axes were studied and discussed in detail. The numerical results, issued from the first-approximation analytical solution, were compared with the results of finite-element calculations within the ANSYS software.
It is shown that the maximum value of the tangential stress concentration increases with  and reaches the values ~4.5 and ~6.0 for =0.1 and 0.2, respectively, in contrast with classical value of 3 for =0. Rather high stress concentration (~3.55) is also observed for =0.2 at the other point, where the tangent to the pore boundary coincides with the axis of tension. Our consideration of stress distribution along the symmetry axes of the pore has shown that the stress concentration effect due to the pores under consideration increases with  value and is significant in the region of approximately r<3. Outside this region, this effect becomes negligibly small.
In general, our finite-element calculations qualitatively coincide with the aforementioned conclusions although the quantitative agreement is not always good enough. Some disagreement in values, which is noticeably smaller for the smaller value of , requires to include next orders of approximation in the analytical description of the model. The accuracy of the fist-order approximation seems to be not enough for physical applications, so the next orders of approximation are desired for theoretical modeling of intergranular cracking and plasticity in close vicinity of TJ pores in ceramics.
